
 

Model
• 6-layer Transformer Encoder 
• Baseline: Trainable “nn.Embedding”+ 1D PE  
• Ours (AOE): Training-free AOE + 2D PE 

Benchmark
• Algebraic Combinatorics Dataset (ACD) 
• Dataset of research-level problems in algebraic combinatorics 
• Task Example (mHeight Function) 
𝑥 = 2, 1, 5, 0, 7, 3, 6, 4 ,   𝑦 = 0 

Result

AOE outperforms the baseline across all tasks

 

AOE (Adelic Operation-preserved Embeddings) 
• Truncate Adele representation to practical N-digit precision 
• Each number is encoded as a tensor of shape 𝑵 × (𝒏𝒑 + 𝟏) where 

𝑛௣ means the number of primes  
 
 
 
 

 
 
 
 

• Flat tensor and apply 2D positional encoding 
𝑃𝐸 is standard sinusoidal encoding 

𝑃𝐸௧௢௧௔௟ 𝑘 = 𝑃𝐸௦௘௤ 𝑘 ⊕ 𝑃𝐸௥௢௪ 𝑖 ⊕ 𝑃𝐸௖௢௟ 𝑗  

AOE : Our Method

Numbers Already Carry Their Own Embeddings

 
 

 
 
 
 
 
 
 

Even LLMs often fail at basic arithmetic
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Definition
• Let ℚ௣ 𝑝-adic numbers and ℤ௣ 𝑝-adic integers for some prime 𝑝 Then 

Adele ring 𝔸ℚ is defined as: 

𝔸ℚ ≝ ℝ × ෑ(ℚ௣ , ℤ௣)

௣

 

• Let 𝐴: ℚ → 𝔸ℚ. Then, for any rational number 𝑞,  
𝐴 𝑞 = (𝑞, 𝑞ଶ, 𝑞ଷ, … , 𝑞௣, … )  

• For example,  ଻
ହ
 can be represented as: 

7

5
→ 1.4,   … 11011ଶ,   … 01212ଷ,  1.2ହ,   … 54130଻,   …  

 

Key Features 
• Maps any rational number to Adele ring directly from number 

theory 
• Element-wise Additive 

𝐴 𝑞ଵ + 𝑞ଶ   = 𝐴 𝑞ଵ ⊕ 𝐴 𝑞ଶ  
• Element-wise Multiplicative 

𝐴 𝑞ଵ × 𝑞ଶ   = 𝐴 𝑞ଵ ⊗ 𝐴 𝑞ଶ  
Where ⊕, ⊗ denotes element-wise operations 

Adele Ring

7

5
 

  [0, 0, 0, 0, 1.4] 

  [1, 1, 0, 1, 1] 

  [0, 1, 2, 1, 2] 

  [5, 4, 1, 3, 0] 

3-adic 
⋮ 

𝑁 =  5 
𝑛௣ =  4 

𝑁 × 𝑛௣ + 1  size tensor 

𝐴 ଻
ହ
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Problem
• Numbers are tokenized and embedded arbitrarily during training 

 
 

• Embeddings don't inherently capture number relationships 
 

 

Hypothesis
• Preserving algebraic structure of numbers in embedding space is 

the solution 

Approach

 

1. Restricted to rational numbers ℚ  by Definition 
▶ Extend AOE to irrationals, complex values 

2. Does not handle numbers written as text (e.g., "Three hundred and 
fifty") 
▶ Align AOE representation with text embedding spaces 

Discussion

Real 

7-adic 

2-adic 

Accuracy↑ Dataset 
AOE(Ours) Baseline n Task 

70.10 66.19 10 Lattice paths 
66.30 66.30 11 
78.44 66.50 12 

100.00 53.02 6 Weaving patterns 
100.00 51.53 7 

91.11 45.13 Quiver mutation classes 
97.39 91.27 Grassmannian cluster algebras 
87.89 50.59 4 Schubert polynomials 
96.87 49.83 5 
99.96 50.00 6 
96.94 91.42 8 mHeight 
99.17 93.20 9 
99.66 94.15 10 

𝑃𝐸௧௢௧௔௟ 𝑘

𝑃𝐸௦௘௤(𝑘) 𝑃𝐸௥௢௪(𝑖) 𝑃𝐸௖௢௟(𝑗)

𝑁 

 

"123" "1" "2" "3" 

Embed(1) Embed(2) Embed(3) 

𝑖 : row index 
𝑗 : column index 
𝑘 : 𝑖 × 𝑁 + 𝑗 
 


